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THE SMOOTH RIEMANNIAN EXTENSION PROBLEM:
COMPLETENESS
STEFANO PIGOLA AND GIONA VERONELLI
Abstract. By means of a general gluing and conformal-deformation
construction, we prove that any smooth, metrically complete Riemann-
ian manifold with smooth boundary can be realized as a closed do-
main into a smooth, geodesically complete Riemannan manifold without
boundary. Applications to Sobolev spaces, Nash embedding and local
extensions with strict curvature bounds are presented.
Contents
Introduction 1
1. The general gluing-deformation construction 4
1.1. Preliminaries on metric spaces 4
1.2. The proof of Theorem A 7
2. Some applications 13
2.1. Local extensions with curvature constraints 13
2.2. Sobolev spaces 14
2.3. Proper Nash embedding 15
References 16
Introduction
Let (M,gM ) be a given Riemannian manifold with smooth (possibly non-
compact) boundary ∂M 6= ∅ and subjected to some constraint on one of its
Riemannian invariants, such as a curvature (or a volume growth) bound.
The general problem we are interested in consists in understanding when,
and to what extent, the original manifold M can be prolonged past its
boundary in order to obtain a new smooth Riemannian manifold (M¯, gM¯ ),
this time without boundary, such that one of the invariants alluded to above
is kept controlled. Clearly, the most interesting situation occurs when the
extended metric can be taken to be geodesically complete. In this case we
can speak of (M¯ , gM¯ ) as a complete Riemannian extension of (M,gM ) with
controlled Riemannian invariants. First insights into the possibility of con-
structing a complete prolongation were given by S. Alexander and R. Bishop
in [AB]. Actually, this paper is mostly focused on the prolongation of open
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manifolds without boundary, but it contains useful information also in the
boundary case. The smooth extension, via gluing techniques, of compact
manifolds with a strict Ricci curvature lower bound and a convexity con-
dition on the boundary was considered by G. Perelman in [Per]; see also
[Wan]. Extensions of compact manifolds with non-negative scalar curva-
ture up to the mean convex boundary are contained in [R]. The extended
metric is just C2 but this is (abundantly) enough to get interesting rigidity
results based on the positive mass theorem. Very recently, [AMW], a gluing
technique in the spirit of [Per] has been applied to prove that the space
of metrics with non-negative Ricci curvature and convex boundary on the
Euclidean three ball is path connected. In a somewhat different direction,
gluing methods have been also employed by J. Wong, [Won] in order to
obtain isometric extensions with totally geodesic boundary and a metric-
curvature lower bound in the sense of Alexandrov. This has applications to
Gromov-Hausdorff precompactness results and volume growth estimates.
In view of the well known relations between the topology of a com-
plete Riemannian manifold and the bounds on its curvatures, or its volume
growth, we are naturally led to guess that some topological obstruction ap-
pears somewhere in the extension process. In this direction, it would be
important to verify whether some of these obstructions are encoded in the
original piece with boundary and this requires, first, a phenomenological
investigation over concrete examples. For instance, a complete extension
with non-negative Ricci curvature should be forbidden in general. In this
respect note that the topology of a compact manifold with convex boundary
and positive Ricci curvature cannot be too much wide and this is compat-
ible with the positive results we have mentioned above. For instance, by
Bochner methods, the first real Betti number must vanish and, thus, the
fundamental group cannot contain Zk as a free factor. Topological obstruc-
tions should also appear at the level of upper sectional curvature bounds.
Think for instance to the Cartan-Hadamard theorem, valid in the setting of
geodesic metric spaces. The possibility of extending a complete simply con-
nected manifold with boundary and negative curvature K < 0 to a complete
manifold with sectional curvature controlled by K + ǫ was addressed by S.
Alexander, D. Berg and R. Bishop, [ABB1, p. 705], during their investiga-
tions on isoperimetric properties under the assumption that the boundary
has negative curvature on its concave sections. We are grateful to S. Alexan-
der for pointing out this reference. In sharp contrast, in view of J. Lohkamp
insights, [Lo], it is expected that an upper Ricci curvature bound imposes no
restrictions at all. The related question concerning how many Riemannian
extensions could be obtained is interesting in its own. For instance, in the
context of Einstein manifolds, because of the real analyticity of the Einstein
metric, it is reasonable that some strong metric rigidity arises once the topo-
logical information (from the fundamental group viewpoint) is concentrated
in the original part.
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This very brief and informal discussion serves to outline a major project
concerning the systematic investigation around the Riemannian extension
problem.
Definition 1. Let (M,gM ) be a smooth m-dimensional Riemannian mani-
fold with possibly nonempty boundary. A Riemannian extension of (M,gM )
is any smooth m-dimensional Riemannian manifold (N, gN ) with possibly
non-empty boundary such that M is isometrically embedded in intN .
Roughly speaking, this project could be articulated in the following prob-
lems that represent the basic steps towards a suitable understanding of the
subject.
Problem 1 (completeness). Let (M,gM ) be a metrically complete Riemann-
ian manifold with smooth boundary ∂M 6= ∅. Does there exist a geodesically
complete Riemannian extension (M¯, gM¯ ) of M with ∂M¯ = ∅?
Problem 2 (curvature constraints). Let Curv denote either of the cur-
vatures Sect, Ric or Scal and let C ∈ R. Let (M,gM ) be a smooth m-
dimensional, (non-nencessarily complete) Riemannian manifold with smooth
boundary ∂M 6= ∅ satisfying CurvgM < C (resp. ≤ C, > C or ≥ C). Does
there exist a complete, m-dimensional Riemannian extension (M¯, gM¯ ) with
∂M¯ = ∅ and such that the same curvature constraint holds?
Problem 3 (rigidity). Let (M,gM ) be a smooth, m-dimensional, complete
Riemannian manifold with smooth boundary ∂M 6= ∅ satisfying Ric = λ ∈
R. Which topological conditions on M are required to guarantee that a com-
plete Einstein extension (M¯ , gM¯ ) exists and is essentially unique?
We shall deal with Problems 2 and 3 in the forthcoming paper [PV] where,
in particular: we will examine, under different viewpoints, a number of
examples showing obstructions to the existence of a complete Riemannian
extension under Ricci curvature lower bounds and sectional curvature upper
bounds; we will obtain positive results for upper Ricci curvature bounds; and
finally, we will investigate rigidity issues in the Einstein case.
The aim of the present paper is to give an exhaustive answer to Problem 1.
Theorem A. Let (M,gM ) be an m-dimensional connected Riemannian
manifold with smooth boundary ∂M 6= ∅. Let Q be any smooth m-dimensional
differentiable manifold whose nonempty boundary ∂Q is diffeomorphic to
∂M . Then, there exists a Riemannian extension (N, gN ) of (M,gM ) such
that N \M is diffeomorphic to the interior of Q. Moreover, if (M,gM ) is
complete, then the extension (N, gN ) can be constructed to be complete.
In particular, by choosing Q = M in the previous statement, with the
trivial identification of the boundaries, we get
Corollary B. Let (M,gM ) be a smooth complete, m-dimensional Riemann-
ian manifold with smooth nonempty boundary ∂M . Then, there exists a
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geodesically complete Riemannian extension (N, gN ) of (M,gM ) with ∂N =
∅.
These results are then applied in several directions. First, we show that
Problem 2 has always a positive answer (regardless of any restriction on the
boundary) if we remove the completeness assumption and we require strict
curvature bounds; see Corollary 6. Next, we prove a density result a` la
Meyers-Serrin concerning first order Sobolev spaces on complete manifolds
with boundary; see Corollary 8. Finally, as a direct consequence of Nash
theorem, we observe that a complete Riemannian manifold with boundary
has a proper isometric embedding into a Euclidean space; see Corollary 10.
1. The general gluing-deformation construction
In this section we prove Theorem A. The manifolds M and Q are glued
along the diffeomorphic boundaries and, using this ambient space, the origi-
nal metric ofM is readily extended. At this point, the complete Riemannian
extension is obtained via a careful conformal deformation. The proof that
the deformed metric is actually complete relies on metric-space arguments.
1.1. Preliminaries on metric spaces. Given a metric space (X, d), a
continuous path γ : [a, b]→ X is rectifiable if
Ld(γ) := sup
n∑
i=1
d(γ(ti−1), γ(ti)) < +∞
where the supremum is taken with respect to all the partitions t0 = a <
t1 < · · · < tn = b of the interval [a, b]. In this case, the number Ld(γ) is the
metric-length of γ and it is invariant by reparametrizations of the curve. On
the metric space (X, d) it is defined a length-distance given by
dL(x, y) = inf Ld(γ)
the infimum being taken with respect to all rectifiable paths (if any) con-
necting x to y. Observe that Lipschitz paths are trivially rectifiable and,
conversely, every rectifiable path can be reparametrized to a constant speed,
hence Lipschitz, path [BBI, Proposition 2.5.9]. The metric space (X, d) is a
length metric space if d = dL.
Let (M,gM ) be a smooth Riemannian manifold with (possibly empty)
boundary ∂M . Its intrinsic distance, which is defined as the infimum of the
Riemannian lengths of piecewise C1 paths connecting two given points, is
denoted by d(M,gM ). It is well known that the metric space (M,d(M,gM ))
is a length metric space. The Riemannian manifold (M,gM ) is said to be
complete if (M,d(M,gM )) is a complete metric space. SinceM is locally com-
pact, the length-metric version of the Hopf-Rinow theorem, [BBI, Theorem
2.5.28] and Theorem 3 below, implies that the metric completeness of M
is equivalent to the Heine-Borel property which, in turn, is equivalent to
the fact that a geodesic path γ : [a, b) → M extends continuously to the
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endpoint b. Here, by a geodesic, we mean a Lipschitz path which minimizes
the distance between any couple of its points. It is well known that it is C1
regular, [AA, ABB].
A further notion of completeness that turns out to be very useful in ap-
plications involves the length of divergent paths. This characterization will
be used to show that the glued manifold constructed in the next section is
complete.
Definition 2. Let (X, d) be a metric space (e.g. a Riemannian manifold
with possibily non-empty boundary with its intrinsic metric). A continuous
path γ : [a, b) → X is said to be a divergent path if, for every compact set
K ⊂ M , there exists a ≤ T < b such that γ(t) 6∈ K for every T ≤ t < b.
The metric space (X, d) is called “divergent paths complete” (or complete
with respect to divergent paths) if every locally Lipschitz divergent path γ :
[0, 1)→ X has infinite length where, clearly, Ld(γ) = limδ→1 Ld(γ|[0,δ]).
It is well known that for a manifold without boundary, the notions of
metric (hence geodesic) completeness and of divergent paths completeness
are equivalent. Let us point out that a similar equivalence holds more gen-
erally on a locally compact length space hence, in particular, for manifolds
with smooth boundaries. Namely, we have the following
Theorem 3 (Hopf-Rinow). Let (X, d) be a locally compact length space.
The following assertions are equivalent.
(1) (X, d) is metrically complete, i.e. it is complete as a metric space.
(2) (X, d) satisfies the Heine-Borel property, i.e. every closed metric ball
in X is compact.
(3) (X, d) is geodesically complete, i.e. every constant speed geodesic
γ : [0, a)→ X can be extended to a continuous path γ¯ : [0, a]→ X
(4) Every Lipschitz path γ : [0, a)→ X can be extended to a continuous
path γ¯ : [0, a]→ X
(5) (X, d) is divergent paths complete, i.e. every locally Lipschitz diver-
gent path γ : [0, a)→ X has infinite length.
Proof. It is proven in [BBI] that (1) ⇔ (2) ⇔ (3). Moreover, (4) ⇒ (3)
trivially.
We prove that (2) ⇒ (5). For n ∈ N, consider the compact sets BXn (γ(0)).
Since γ is divergent, there exists a sequence {tn}
∞
n=1 ⊂ (0, a) such that
γ(tn) 6∈ B
X
n (γ(0)). In particular
Ld(γ) ≥ Ld(γ|[0,tn]) ≥ d(γ(0), γ(tn)) ≥ n.
Since n can be arbitrarily large, γ has infinite length.
To conclude, we prove that (5) ⇒ (4). Let γ : [0, a) → X be a Lipschitz
rectifiable path. Since γ is defined on [0, a) and is Lipschitz, it has finite
length. Then it can not be divergent. Namely, there exists a compact set
K ⊂ X and a sequence {tn}
∞
n=1 ⊂ (0, a) such that tn → a as n → ∞ and
γ(tn) ∈ K for all n. By compactness of K, up to passing to a subsequence,
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γ(tn) → x as n → ∞ for some limit point x ∈ K. Set γ(a) = x. We are
going to show that γ : [0, a] → X is continuous. Fix ǫ > 0. Take N ∈ N
large enough such that d(γ(tn), x) < ǫ/2 for all n ≥ N and tN > a −
ǫ
2Cγ
,
where Cγ is the Lipschitz constant of γ. Then for all t ∈ (tN , a),
d(γ(t), x) ≤ d(γ(t), γ(tN )) + d(γ(tN ), x) ≤ Cγ |t− tN |+ ǫ/2 ≤ ǫ.

We shall need to consider metric properties of curves into a manifold with
boundary with respect to both the original metric and to the extended one.
To this end, the following Lemma will be crucial.
Lemma 4. Let (N, gN ) be a Riemannian extension of the manifold with
boundary (M,gM ) and let γ : [0, 1]→M be a fixed curve. Then
(a) γ is d(N,gN )-Lipschitz (resp. rectifiable) if and only if it is d(M,gM )-
Lipschitz (resp. rectifiable).
Moreover, in this case:
(b) LgM (γ) = LgN (γ).
(c) The speed vγ of γ, in the sense of [BBI], is the same when computed
with respect to d(M,gM ) and d(N,gN ).
Proof. We preliminarily observe that d(N,gN ) ≤ d(M,gM ) on M .
(a) It is enough to consider the Lipschitz property because, as we have
already recalled, every rectifiable path has a Lipschitz (constant speed)
reparametrization.
We assume that γ is d(N,gN )-Lipschitz and we prove that γ is d(M,gM )-
Lipschitz, the other implication being trivial from the above observation. We
shall show that, for every t0 ∈ [0, 1], there exists a closed interval I0 ⊂ [0, 1]
containing t0 in its interior such that γ|I0 is d(M,gM )-Lipschitz. We suppose
that γ(t0) ∈ ∂M , the other case being easier. Let ϕ0 : U0 → B1 be a
local coordinate charts of N centered at γ(t0) and such that ϕ0(U0 ∩M) =
B
+
1 , the upper-half unit ball. Let V0 = ϕ
−1
0 (B1/2) and choose I0 such that
γ(I0) ⊂ V0. Note that the distances d(N,gN ) and d(V0,gN ) are equivalent on V0
and, similarly, d(M,gM ) and d(V0∩M,gM) are equivalent on V0 ∩M . Moreover,
ϕ0 : (V0, d(V0,gN )) → (B1/2, d(B1/2,gEucl)) and ϕ0 : (V0 ∩ M,d(V0∩M,gM)) →
(B+1/2, d(B+
1/2
,gEucl)
) are bi-Lipschitz. Since γ is d(N,gN )-Lipschitz then ϕ0◦γ|I0
is d(B1/2,gEucl)-Lipschitz. Since B
+
1/2 is convex then ϕ0 ◦ γ|I0 is d(B+
1/2
,gEucl)
-
Lipschitz. Hence γ|I0 is d(M,gM )-Lipschitz.
(b) Using a partition of [0, 1] by sufficiently small subintervals we can
apply [AA, Lemma 1 and Lemma 3].
(c) This follows from (b) and [BBI, Corollary 2.7.5]. 
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1.2. The proof of Theorem A. Let gQ be any Riemannian metric on Q
and let η : ∂M → ∂Q be a selected diffeomorphism. Let us consider the
smooth gluing N := M ∪η Q whose differentiable structure is obtained in a
standard way using collar neighborhoods of the manifolds involved. More
precisely, N is the topological manifold without boundary obtained from
M ∪Q identifying points x and η(x) for every x ∈ ∂M . With a slight abuse
of notation, here and on we consider M and Q as subsets of N such that
M ∩Q = ∂M , and we identify objects on M and Q with their images on N
via the inclusions M →֒ N and Q →֒ N . Let WM ⊂M be an open tubular
neighborhood of ∂M and let pM :WM → ∂M×(−1, 0] be the corresponding
smooth diffeomorphism, whose restriction pM |∂M : ∂M ⊂ WM → ∂M × 0
is the identity map pM (x) = x × 0. Similarly, let WQ ⊂ Q be a tubular
neighborhood of ∂Q and let pQ : WQ → ∂M × [0, 1) be the corresponding
smooth diffeomorphism, whose restriction pQ|∂M : ∂M ⊂ WQ → ∂M × 0 is
the identity map pQ(x) = x× 0.
Then pM and pQ induce a homeomorphism p : W = WM ∪WQ ⊂ N →
∂M×(−1, 1). The differentiable structure onN is obtained by imposing that
the homeomorphism p is a smooth diffeomorphism and that the inclusions
jM : ∂M →֒ N and jQ : ∂Q →֒ N are smooth embeddings.
The proof of Theorem A is now achieved in three steps that we formulate
as the following Lemmas of independent interest.
Lemma C. Keeping the above notation, there exists a Riemannian metric
g˜ on N such that g˜ = gM on M , i.e., (N, g˜) is a Riemannian extension
of (M,gM ). Moreover, for every ǫ > 0, there exists a tubular neighborhood
XQ ⊆ WQ of ∂M in N \M such that:
(a) P :=M ∪ XQ ⊂ N is a manifold with smooth boundary.
(b) there exists a (1 + ǫ)-Lipschitz projection ρ : (P, g˜) → (M,gM ) such
that ρ|XQ is a diffeomorphism.
In what follows, the value of ǫ is irrelevant. Therefore, we will always
assume that ǫ = 1.
Lemma D. Let (M,gM ) and (P, gP = g˜|P ) be as above. If (M,gM ) is
complete then so is (P, gP ).
Lemma E. Let (M,gM ) be an m-dimensional Riemannian manifold with
non-empty boundary. Let (P, gP ) be a complete Riemannian extension of M
with non-empty boundary. Let (N, g˜) be a Riemannian extension of (P, gP ),
hence of (M,gM ). Then, there exists a Riemannian metric gN on N such
that (N, gN ) is still a Riemannian extension of (M,gM ) and it is complete.
The rest of the section is entirely devoted to the proofs of these results.
Proof of Lemma C. We proceed by steps.
Step 1. First, we construct a local extension of gM beyond ∂M in N . Con-
sider on the cylinder ∂M×(−1, 1) a locally finite family of coordinate charts
{(Vβ , ψβ) : β ∈ B} such that
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(i) ∪β∈BVβ ⊃ ∂M × {0},
(ii) ψβ(Vβ) = B1,
where B1 denotes the unit ball in the Euclidean space R
m. Let S be the
space of symmetric m×m matrices and set
Lt = {(x1, . . . , xn) ∈ B1 : xn ≤ t}.
In particular, L0 = B
−
1 , the lower-half unit ball. Fix β ∈ B. The met-
ric gM on p
−1(Vβ) ∩ M is represented in local coordinates by a smooth
section sβ : L0 → S, such that sβ(x) is positive definite for all x ∈ L0.
Extend smoothly sβ to a section s˜β : B1 → S. By continuity we can
find a tβ ∈ (0, 1] such that s˜β is positive definite for all x ∈ Ltβ . Define
V˜β = p
−1 ◦ ψ−1β (intLtβ ). Repeating the construction for all β ∈ B we have
obtained a family of local Riemannian metrics g˜β defined on V˜β for all β ∈ B,
such that g˜β = gM on V˜β ∩M . Moreover ∪β∈BV˜β ⊃ ∂M × {0}.
Step 2. Next, we extend smoothly gM to a global metric g˜ on N . The
collection of sets {intM, intQ, V˜β : β ∈ B} gives a locally finite covering of
N . Let {ηM , ηQ, ηβ : β ∈ B} be a subordinated partition of unity. Then
g˜ = ηMgM + ηQgQ +
∑
β∈B
ηβ g˜β
is a positive definite smooth Riemannian metric on N . Moreover, for all
x ∈M ,
g˜|x = ηMgM |x +
∑
β∈B
ηβg|x = gM |x.
Step 3. Finally, we show how to construct the neighborhood XQ and the
Lipschitz projection ρ.
For all x ∈ ∂M , let ν(x) be the outward normal vector to ∂M at the
point x. The exponential map exp⊥(x, s) := expx(sν(x)) is well defined for
any s small enough (depending on x), i.e. for s ∈ [−s0(x), s0(x)] where we
can assume that s0 : ∂M → (0,∞) is smooth. Set
XQ = {exp
⊥(x, s) : x ∈ ∂M, 0 ≤ s ≤ s0},
XM = {exp
⊥(x, s) : x ∈ ∂M, 0 ≥ s ≥ −s0}.
Define ρ : M ∪ XQ → M as ρ(exp
⊥(x, s)) = exp⊥(x,−s) when s > 0 (i.e.
ρ reflects XQ onto XM with respect to Fermi coordinates) and ρ = id on
M . Let ‖dρ‖(p) := supTpM\{0} |dpρ(v)|ρ(p)/|v|p denotes the operator norm
of dpρ. It is not difficult to see that ‖dρ‖(exp
⊥(x, s))→ 1 as s→ 0 for every
x ∈ ∂M , therefore we can choose the function s0 so small, depending on ǫ,
that ∂XQ is smooth and ‖dρ‖ ≤ 1 + ǫ on P . This latter bound implies that
ρ is a (1 + ǫ)-Lipschitz map. This amounts to show that, given a piecewise
C1-curve γ : [0, a]→ P , it holds
(1) LM(ρ ◦ γ) ≤ (1 + ǫ)LM (γ).
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To this aim, we note that ρ is locally Lipschitz in P . The only delicate points
are those in the bi-collar neighborhood XM ∪XQ. But, in this set, ρ is locally
Lipschitz with respect to the product metric inherited from ∂M × [−1, 1]
and local Lipschitzianity does not depend on the ground metric. Now, the
image ρ ◦ γ : [0, a]→M is locally Lipschitz and its length satisfies
LM (ρ ◦ γ) =
∫ a
0
vρ◦γ(t)dt,
where vρ◦γ denotes the speed of the curve in the sense of [BBI]. In view of
(c) of Lemma 4, since
vρ◦γ(t) ≤ ‖dρ‖(γ(t)) · vγ(t) ≤ (1 + ǫ)vγ(t)
on the open and full measure subset of [0, a]:
γ−1(P \M) ∪ int
(
[0, a] \ γ−1(P \M)
)
then, by integration, we deduce the validity (1).

Proof of Lemma D. First, we claim that given a locally Lipschitz, divergent
path γ : [0, 1) → P its (locally Lipschitz) projection ρ ◦ γ : [0, 1) → M
is divergent. Indeed, if K ⊂ M is a compact set, then ρ−1(K) = K ∪
ρ|−1XQ(K ∩ XM) is compact in P . Therefore, there exists 0 ≤ T < 1 such
that γ(t) 6∈ ρ−1(K) for every T ≤ t < 1. It follows that ρ ◦ γ(t) 6∈ K for
T ≤ t < 1, proving the claim.
Now, by Theorem 3, (M,gM ) is divergent paths complete and therefore
LgM (ρ ◦ γ) = +∞. Since ρ is 2-Lipschitz, we conclude that LgP (γ) = +∞,
as desired. 
Proof of Lemma E. Consider an exhaustion of N , i.e. a sequence {Nj}
∞
j=0
of compact manifolds with smooth boundary such that Nj ⋐ Nj+1 ⊂ N for
all j ≥ 0 and ∪∞j=0Nj = N . In the following, we use the convention Nj = ∅
whenever j < 0. Call:
• Nj,a any connected component of (N \intP )∩(Nj+1 \Nj) for a ∈ Aj ;
• Nˆj,b any connected component of (N \ intP ) ∩ (Nj+2 \Nj−1) for
b ∈ Bj . Observe that #Bj ≤ #Aj <∞ for all j.
Finally, define
• ∂P Nˆj,a = Nˆj,a ∩ ∂P .
We have the following
Lemma 5. There exists a smooth Riemannian metric gN on N such that
(N, gN ) is a Riemannian extension of (M,gM ) and, for all j ∈ N, a ∈ Aj
and b ∈ Bj , the following hold:
(a) Let x, y ∈ Nj,a with x ∈ ∂Nj and y ∈ ∂Nj+1. If γ : [0, 1] → Nj,a is
any Lipschitz path connecting x to y then LgN (γ) ≥ 1.
(b) Let x, y ∈ ∂P Nˆj,b. If γ : [0, 1]→ Nˆj,b is any Lipschitz path connecting
x to y then LgN (γ) ≥ d(P,gP )(x, y).
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Proof. For the ease of notation, given a subset C of (N, g˜) we shall denote
by d˜C the length metric on C induced by (N, g˜), namely,
d˜C(c1, c2) = inf Lg˜(γ)
where the infimum is taken over the Lipschitz path in C (if any) connecting
c1 with c2.
For any j ∈ N and a ∈ Aj, define
qj,a1 = inf d˜Nj,a(x, y),
where the infimum is taken over all the x, y ∈ Nj,a such that x ∈ ∂Nj and
y ∈ ∂Nj+1. Since ∂Nj+1∩ (N \ intP ) and ∂Nj ∩ (N \ intP ) are compact and
disjoint, qj,a1 > 0.
For any j ∈ N and b ∈ Bj , define
δj,b(x, y) =
d˜Nˆj,b(x, y)
d(P,gP )(x, y)
,
and
qj,b2 = inf δ
j,b(x, y),
where the infimum is taken over all the x 6= y belonging to ∂P Nˆj,b. We
claim that qj,b2 > 0. Indeed, suppose q
j,b
2 = 0. Then, there exist sequences
of points {xk} and {yk} in ∂P Nˆj,b ⊂ ∂P such that δ
j,b(xk, yk) → 0. Since
d˜Nˆj,b ≥ d(N,g˜) on Nˆj,b, we deduce that
d(N,g˜)(xk, yk)
d(P,gP )(xk, yk)
→ 0.
Since xk, yk are in a compact subset of P then the denominator d(P,gP )(xk, yk)
is uniformly bounded. It follows that d(N,g˜)(xk, yk)→ 0. Therefore, by com-
pactness of ∂P Nˆj,b, and up to passing to subsequences, we can assume that
{xk}, {yk} converge to a same point z ∈ ∂P Nˆj,b with respect to the d(N,g˜)
metric. Since P is a manifold with smooth boundary,
d(N,g˜)(xk, yk)
d(P,gP )(xk, yk)
=
d(N,g˜)(xk, yk)
d(P,g˜)(xk, yk)
→ 1,
a contradiction.
For every j ∈ N, a ∈ Aj and b ∈ Bj, let µj,a, νj,b ∈ C
∞
c ((N \M) ∩Nj+2)
be such that 0 ≤ µj,a, νj,b,≤ 1,
µj,a|Nj,a ≡ 1, µj,a|Nj−1 ≡ 0, νj,b|Nˆj,b ≡ 1, νj,b|Nj−2 ≡ 0.
We define the smooth Riemannian metric gN on N as
gN (x) = e
2
∑
∞
j=0
[∑
a∈Aj
max{0;− ln(qj,a
1
)}µj,a(x)+
∑
b∈Bj
max{0;− ln(qj,b
2
)}νj,b(x)
]
g˜(x).
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Note that gN is well defined, since the sum is locally finite. Moreover the
conformal factor is everywhere greater or equal to 1, and it is greater or
equal to (qj,a1 )
−2 on Nj,a and to (q
j,b
2 )
−2 on Nˆj,b. So the metric gN satisfies
the claim of the lemma. 
To conclude the proof of Lemma E, we have to show that the metric gN
of N obtained in Lemma 5 is (divergent paths) complete. To this end, we
take a locally Lipschitz divergent path γ : [0, 1) → N and we distinguish
three different cases:
First case. The path γ is definitely contained in N \ P . Without loss of
generality we can assume that the entire path γ is contained in N \P . Using
item (a) of Lemma 5 we easily deduce that LgN (γ) = +∞.
Second case. The path γ is definitely contained in intP . As above, we can
assume that γ is entirely in P . Then, by assumption, LgP (γ) = +∞. On
the other hand, by definition of gN we have that LgN ≥ LgP and, therefore,
LgN (γ) = +∞.
Third case. There exists a sequence of times tk → 1
− such that γ(t2k) ∈
N \ P and γ(t2k+1) ∈ intP for all k. By contradiction, let us assume that
LgN (γ) < +∞. Then, up to starting from T close enough to 1 we can
assume that ℓ := LgN (γ) < 1 and that γ(0) ∈ P . We consider the natural
reparametrization of γ and we assume that γ : [0, ℓ) → N has unit speed;
[BBI, Proposition 2.5.9].
Consider the disjoint union
γ−1(N \ P ) = ∪˙λ∈N(αλ, βλ).
Then, by item (a) of Lemma 5, for each λ there exist jλ ∈ N and bλ ∈ Bjλ
such that
γ((αλ, βλ)) ⊂ Nˆjλ,bλ .
By item (b) of Lemma 5, for every λ,
d(P,gP )(γ(αλ), γ(βλ)) ≤ LgN (γ|(αλ,βλ)).
Hence there exists a Lipschitz curve σλ : [αλ, βλ] → P with the same end-
points of γ|[αλ,βλ], i.e.,
σλ(αλ) = γ(αλ), σλ(βλ) = γ(βλ),
and such that
(2) LgP (σλ) ≤ 2LgN (γ|(aλ,βλ)) = 2(βλ − αλ).
We now construct a new path σ : [0, ℓ)→ P by setting
σ(t) =
{
σλ(t) if t ∈ (αλ, βλ), for some λ ∈ N
γ(t) otherwise.
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Set An := ∪
n
λ=0(αλ, βλ). For every n ∈ N we introduce the d(N,g˜)-rectifiable
paths γn : [0, ℓ)→ N by
γn(t) =
{
σλ(t) if t ∈ An,
γ(t) otherwise.
From (2), item (b) of Lemma 4, and the fact that, by construction, lengths
with respect to g˜ are smaller than lenghts with respect to gN , we deduce
that for all n ∈ N,
Lg˜(γn) = Lg˜(γ|[0,ℓ)\An) +
n∑
i=0
Lg˜(σλ|(aλ,βλ))
= Lg˜(γ|[0,ℓ)\An) +
n∑
i=0
LgP (σλ|(aλ,βλ))
≤ LgN (γ|[0,ℓ)\An) +
n∑
i=0
2LgN (γ|(aλ,βλ))
≤ 2LgN (γ) = 2ℓ.
By the semi-continuity of Lg˜ we get that σ is d(N,g˜)-rectifiable, and
(3) LgP (σ) = Lg˜(σ) ≤ 2ℓ.
Namely, for any fixed S ∈ (0, ℓ) and for any finite partition 0 = s0 <
s1 < · · · < sK = S, there exists n ∈ N such that γn(sj) = σ(sj) for all
j = 0, . . . ,K, so that
K∑
j=1
d(N,g˜)(σ(sj−1), σ(sj)) =
K∑
j=1
d(N,g˜)(γn(sj−1), γn(sj)) ≤ Lg˜(γn) ≤ 2ℓ.
Finally we show that σ is divergent in (P, gP ). This fact, together with (3)
will contradict the divergent paths completeness of (P, gP ), thus concluding
the proof of Lemma E.
To this purpose, fix a compact C ⊂ P and let j be large enough so
that C ⊂ Nj . Since γ is divergent in N , there exists T ∈ [0, ℓ) such that
γ(t) 6∈ Nj+1 for all t ∈ (T, ℓ). Set
T := {λ ∈ N : aλ > T and σλ([αλ, βλ]) ∩Nj 6= ∅}.
If T is empty, there is nothing to prove. Otherwise note that, for every
λ ∈ T , σλ(αλ) 6∈ Nj+1 and σλ(βλ) 6∈ Nj+1. Define
cj := min{d(N,g˜)(x, y) : x ∈ ∂Nj and y ∈ ∂Nj+1},
which is well defined by compactness, and strictly positive since Nj ⋐ Nj+1.
Then
♯T ≤
Lgp(σ)
2cj
<∞.
Accordingly, we have that β∗ := maxλ∈T bλ satisfies β
∗ < ℓ and σ([β∗, ℓ)) ⊂
N \Nj ⊂ N \ C. 
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2. Some applications
According to Theorem A, a Riemannian manifold with smooth bound-
ary can be always realized as a domain of a Riemannian manifold without
boundary. Moreover, the ambient manifold can be chosen to be geodesically
complete if the original manifold with boundary was metrically complete
(hence a closed domain). This viewpoint on manifolds with boundary has
two main consequences: on the one hand, open relations concerning Rie-
mannian quantities of local nature extend trivially past the boundary of the
manifold. On the other hand, by restriction, one can easily inherit basic
results and constructions from complete manifolds without boundary. We
shall provide examples of both these instances.
2.1. Local extensions with curvature constraints. Let (M,gM ) be a
Riemannian manifold with boundary ∂M 6= ∅ satisfying a strict curvature
condition like CurvM > C or CurvM < C for some constant C ∈ R. Here,
Curv denotes either the sectional, the Ricci or the scalar curvature of the
manifold at hand.
Consider any Riemannian extension (N, gN ) of (M,gM ). Since Curv > C
(resp. Curv < C) and CurvM = CurvN on M , by continuity there exists a
neighborhood U ⊆ N of ∂M such that Curv > C (resp. Curv < C) holds
on V =M ∪ U .
Assume now that ∂M is compact. We say that ∂M is strictly convex (resp.
strictly concave) if, with respect to the outward pointing Gauss map ν, the
eigenvalues λ1, · · · , λm−1 of the shape operator S(X) = −
NDXν satisfy
λj < 0 (resp. > 0). We choose 0 < δ ≪ 1 in such a way that the normal
exponential map Nexp⊥ : ∂M × (−δ, δ)→ V defines e diffeomorphism onto
its image and we can consider the corresponding family of (diffeomorphic)
parallel hypersurfaces
(∂M)t =
Nexp⊥(∂M × {t}).
Let St denote the shape operator of (∂M)t. It is known that its eigenvalues
λ1(t), · · · , λm−1(t) evolve (for a.e. t) according to the Riccati equation
dλj
dt
(t) = λ2j (t) + SectN (ν ∧ Ej(t))
whereEj(t) ∈ T (∂M)t is the eigenvector of St corresponding to λj(t); see e.g.
[G]. From this equation, under curvature restrictions and using comparison
arguments, one could obtain sign conclusions on suitable intervals. Anyway,
regardless of any curvature assumption, if
λj(0) = λj < 0
(resp. > 0), by continuity we find 0 < ǫ < δ such that
λj(t) < 0, 0 ≤ t ≤ ǫ,
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(resp. > 0). Clearly, similar considerations hold for the mean curvature
function. Thus, by taking N¯ := M ∪ Nexp⊥(∂M × [0, ǫ]), we have proved
the following result.
Corollary 6. Let (M,gM ) be a Riemannian manifold with boundary ∂M 6=
∅ and satisfying CurvM > C (resp. CurvM < C). Then, there exists a Rie-
mannian extension (N¯ , gN¯ ) of M such that CurvN¯ > C (resp. CurvN¯ < C).
Moreover, assume that ∂M is compact. If ∂M is either strictly (mean) con-
vex or strictly (mean) concave, then N¯ can be chosen so to have a boundary
∂N¯ with the same property.
Remark 7. The situation is significantly more difficult if we replace the
strict inequalities with their weak counterparts. In this case, smooth local
extensions are clearly not allowed in general. The reader may consult [R]
for interesting existence results in this setting.
2.2. Sobolev spaces. In the geometric analysis on manifolds with bound-
ary, the theory of (first order) Sobolev spaces, and the corresponding density
results, are vital to carry out PDE’s constructions typical of the setting of
manifolds without boundary. By way of example, we can mention the trun-
cation method in order to obtain sub(super) solutions of Neumann problems
for the Laplace operator and its applications to potential theory; see [IPS].
In this respect, the Euclidean arguments work almost verbatim once we
consider the manifold with boundary as a domain inside an ambient man-
ifold without boundary. We are going to illustrate quickly this viewpoint
by recovering a classical density result a´ la Meyers-Serrin; see e.g. [IPS,
Appendix A].
Let (M,gM ) be a (possibly non-compact and incomplete) Riemannian
manifold with boundary ∂M 6= ∅. Since intM is a smooth manifold without
boundary we can define, as usual, the space
W 1,p(intM) = {u : intM → R : u ∈ Lp,∇u ∈ Lp},
where ∇u is the distributional gradient of u, endowed with the norm
‖u‖W 1,p = (‖u‖
p
Lp + ‖∇u‖
p
Lp)
1/p.
Suppose now that (M,gM ) is complete and let (N, gN ) be a geodesically
complete Riemannian extension without boundary. Fix a locally finite, rela-
tively compact, smooth atlas {(Vj , ϕj)} of N such that either Vj ∩M = ∅ or
(Uj∩M,ϕj |M ) is a smooth chart ofM . Without loss of generality, we can as-
sume that φj(Uj) = B1 ⊂ R
m and (in case Uj ∩ ∂M 6= ∅) φj(Uj ∩M) = B
+
1 .
We consider a partition of unity {χk} subordinated to the covering {Uk}
and, given a function u ∈ W 1,p(intM), we decompose it as u =
∑
k uk
with uk = u · χk. Now, for any fixed ǫ > 0, applying in local coordinates
the standard approximation procedure, e.g. [Le, Theorem 10.29], we find
u¯k ∈ C
∞
c (Uk) such that
‖uk − u¯k‖W 1,2(intM) ≤
ε
2k
.
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Thus, the locally finite sum u¯ =
∑
k u¯k is a function in C
∞(N) and gives
an ε-approximation of u in the space W 1,2(intM). This implies the partial
result:
(4) W 1,p(intM) = C∞(M)
‖·‖
W1,p .
Finally, we have to approximate u¯|M in W
1,p(intM) with the restriction to
M of a function in C∞c (N). To this end take your favorite smooth function
ρN : N → R>0 satisfying ρN (∞) = +∞ and ‖∇ρN‖L∞(N) ≤ L. It can
be obtained by regularizing the distance function by convolution methods;
[GW]. Moreover, choose ψ : R → [0, 1] to be any smooth function such
that ψ(t) = 1 if t ≤ 1 and ψ(t) = 0 if t ≤ 2, and define the sequence
ψk := ψ(ρN/k) ∈ C
∞
c (N). Then, ψk → 1, as k → +∞ uniformly on
compact subsets of N , and ‖∇ψk‖L∞(N) → 0 as k → +∞. It is then
obvious, by dominated convergence, that the sequence
u¯k = u¯ · ψk ∈ C
∞
c (N)
converges in W 1,p(N) to u¯. By restriction, u¯k|M ∈ C
∞
c (M) converges to
u¯|M in W
1,p(intM). We have thus obtained the stronger density result:
Corollary 8. Let (M,gM ) be a complete Riemannian manifold with (pos-
sibly empty) boundary ∂M . Then
(5) W 1,p(intM) = C∞c (M)
‖·‖
W1,p .
As a side product, observe that by taking ρM = ρN |M we also obtain
the existence of a smooth, globally Lipschitz, exhaustion function on any
complete manifold with boundary.
Lemma 9. Let (M,gM ) be a complete Riemannian manifold with boundary
∂M 6= ∅. Then, there exists a smooth function ρM :M → R>0 satisfying
(6) ρM (∞) = +∞; ‖∇ρM‖L∞(M) ≤ L.
The proof of this fact is not completely obvious if we use the pure view-
point of manifolds with boundary. The mollification procedure used to regu-
larize a given Lipschitz function (e.g. the intrinsic distance function) requires
some care.
2.3. Proper Nash embedding. The classical formulation of the Nash em-
bedding theorem states that any Riemannian manifold (N, gN ) can be iso-
metrically embedded in some Euclidean space Rℓ, where ℓ = ℓ(dimN). In
the “survey” part of the paper [GR] it is claimed that the embedding can be
chosen to be proper if N is geodesically complete and, moreover, that the
Nash embedding holds also for manifolds with boundary. An elementary,
but clever, proof of the first claim can be found in [Mu¨]. Here, we point
out that the second claim can be trivially deduced from the first one, by
restricting to the manifold with boundary a proper isometric embedding of
a complete Riemannian extension.
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Corollary 10. Let (M,gM ) be a complete Riemannian manifold with bound-
ary ∂M 6= ∅. Then, there exists a proper isometric embedding of M into
some Euclidean space Rℓ where ℓ = ℓ(dimM).
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